As was 6rst pointed out by Siegert, the existence of exchange forces in nuclei implies the existence of accompanying exchange currents. Sachs has calculated an expression for these, by making the Hamiltonian containing exchange potentials gauge-invariant, and has applied it to the calculations of exchange magnetic moments in H' and Hea. The Hamiltonian obtained by Sachs is not the most general admissible one. More generally, the exchange current density is found to depend on a vector function whose irrotational part is completely determined by gauge-invariance but whose solenoidal part is arbitrary except for the requirements (following from conditions of translational invariance and symmetry in all nucleons on the Hamiltonian) that it be translationally invariant and antisymmetric under the exchange of the spin and space coordinates of each pair of nucleons. Making use of these conditions on the Hamiltonian, the explicit form of the dependence of the solenoidal part of the exchange current upon the spin and isotopic spin coordinates of the nucleons has been derived.
forces in nuclei implies the existence of accompanying exchange currents. Sachs has calculated an expression for these, by making the Hamiltonian containing exchange potentials gauge-invariant, and has applied it to the calculations of exchange magnetic moments in H' and Hea. The Hamiltonian obtained by Sachs is not the most general admissible one. More generally, the exchange current density is found to depend on a vector function whose irrotational part is completely determined by gauge-invariance but whose solenoidal part is arbitrary except for the requirements (following from conditions of translational invariance and symmetry in all nucleons on the Hamiltonian) that it be translationally invariant and antisymmetric under the exchange of the spin and space coordinates of each pair of nucleons. Making use of these conditions on the Hamiltonian, the explicit form of the dependence of the solenoidal part of the exchange current upon the spin and isotopic spin coordinates of the nucleons has been derived.
In the resultant exchange moments, the irrotational part leads to the expression obtained by Sachs, while the solenoidal term contribution contains the spin operators of the nucleons in particular combinations, together with arbitrary functions of the nucleon separation. Villars' exchange moment expression, as obtained from meson theory, is included as a special case and hence the exchange contributions to the moments of H' and He' are explicable on a phenomenological basis, contrary to the results obtained in Sachs' special case. The generality and significance of the results are discussed in relation to the various meson theories.
I. INTRODUCTION A S was first pointed out by Siegert, ' the existence of charge exchange forces between nucleons together with the di6'erential conservation law for electric charge require that electric currents must Row in the intervening space between interacting neutrons and protons. These so-called exchange currents will then interact with electromagnetic fields and modify the electromagnetic properties of nuclei in two important respects.
First, they will give rise, in general, to a contribution to the magnetic moment of a nucleus above and beyond those arising from the intrinsic magnetic moments of the constituent nucleons and from their orbital motion. Second, they will lead to a modification of the cross sections for most photo-nuclear processes. Recently considerable interest has been aroused in the eGects of these exchange currents as a consequence of recent highly accurate measurements'of the magnetic moments of H' and He' which appear to show definitely the existence of exchange contributions to these moments.
As Siegert also pointed out, the exchange current density required for conservation of charge is not completely determined by the exchange interaction itself. Only its irrotational (longitudinal) part is uniquely so determined while the solenoidal (transverse) part is arbitrary. Sachs' has recently determined a particular exchange current distribution which satisfies the condition of charge conservation in which the exchange currents are assumed to Row along straight line filaments connecting the interacting nucleons. He applied his results to the calculation of the exchange contributions to the magnetic moments of H' and He' and found that this current distribution could not account * This work has been supported by the AEC. In view of these remarks, it is evident that such an investigation must largely be concerned with the deter-'F. Villars, Phys. Rev. 72, 256 (1947) ; Helv. Phys. Acta 20, 476 (1947) . In this connection see also: S. T. Ma and F. C. Yu, Phys. Rev. 62, 118 (1942) ; C. Mgller and L. Rosenfeld, Kgl. Danske Vid. Math. -Fys. Medd. Sels. 20, No. 12 (1943) ; W. Pauli and S. Kusaka, Phys. Rev. 63, 400 (1943) .
A. Thellung and F. Villars, Phys. Rev. 73, 924 (1948 The generalization of (1) which is gauge invariant in the presence of electromagnetic fields can be written
Xexp ie)t'f.;;Adx (r, *r,*+rivrp). (2) Here e is the charge on the proton, A=A(x, t) is the vector potential of the electromagnetic field, 7. ; and r;~are the operators r, P = (1+ r )/2, r += (1 r)/2. , - Xexp -ie g;j" (A+gradA)dx (9) We note further that (2) With these conditions (2) appears then to be the most general exchange interaction which is gaugeinvariant and which satisfies the assumptions laid down in Section I. (2), that is, it is gaugeinvariant, provided we note that we can take g;; to be zero without loss in generality since any solenoidal part of (;; can be combined into the function G.
III. THE EXCHANGE CURRENT DENSITY
If we limit our interest only to those exchange currents flowing in the absence of external electromagnetic fields (that is, neglect the exchange currents which are induced by external fields), then we can expand the exchange interaction (2) in a power series in the vector potential and retain only linear terms. The result of this expansion is &*=K, j V*j (r'"rj"+r'"rj') g,, " grad jl dx = -A. divg;, dx = A(r;) -A(r;), (13) establishing the gauge-invariance of (2). It is assumed in the above that n;, , (,j, and (;, fall off sufficiently rapidly for large x that one may neglect surface integrals arising from integrations by parts.
However, it is not immediately obvious that (2) reduces to (1) in the absence of electromagnetic fields, since in this limit the expression in braces in (2) reduces to (r, Pr, "+r;Nr, P). However, making use of the fact that the operators r rj (rf rj +rPrj )q 'rPrj (rPrj +rf rj~) ) (14) are both identically zero, we may add the quantity (r r; +r, r, ) inside 'the braces in (2) without changing its value, and then in the limit as A goes to zero, the expression in braces becomes X e I A (curl(;~+grady;, )dx where X(r;*r,*+rpr,'), (17) n;;= P.(8F/Bu;, ')g,n;, ,
J~= j&+J&+Jt 3 jl=ie p;, v;;(r, Prp' rpr, P) grady;, -(r, *r,*+rprp)
The desired operator for the exchange current density may then be obtained from (17) part of the exchange current density. By combining Eqs. (8) and (16) we obtain the
with the unique solution (which vanishes at infinity):
Hence the irrotational part of the current density is completely determined by the condition of diGerential charge conservation, as would be expected. The significance of this fact will be discussed more fully belo~. These solenoidal parts of the current distribution are not determined by the condition of charge conservation. The only conditions to which they are subject are those resulting as a consequence of the discussion near the end of the last section. These require that (;j be an axial vector function of R;=x -r;, Rj x rj& EJ&, and ETj& which is antisymmetric under the simultaneous interchange of R; with R, and e; with ej; and that n;, be an axial vector function of the same variables but symmetric under the interchange above. However, before discussing the exchange current density in more detail, we will first discuss the operators for the exchange contribution to the magnetic moment of a nucleus. 
IV. EXCHANGE MAGNETIC MOMENTS
e;Qej, (r;, "e, Xe,)r;;. = -2e g;, , V;, (r;*rp r;"r-, *)Lr;Xr, ], (25) M, =-', e P;,, V, , (r;*r, " r;"r, -*)~l xXcurlg;, dx ', e P-, , ; V;,(r, *r, ' r;~r, *-)Z;,, (26) Mi'= --, 'e P;,, V;, (r; r, *+r;"rp))"xXcurln;, dx = --, 'e Q,, , V;, (r, *r,*+r,~r,~) H;, , (27) Z;, =Z(r; -r, , e;, cr, )= I xXcurl(';, dx= t (;, dx, ' (28) The most general form which V;,Z;; can take is therefore a linear-combination of these four quantities multiplied by arbitrary functions of the distance between the two nucleons.
On the other hand, the conditions on V, ,H;; are the same as those on V,;Z;; except for the fact that this quantity must be symnze]ric under the interchange of space and spin coordinates of the pair of nucleons. There are only three such axial vectors (apart from an arbitrary multiplying scalar function of the distance between the nucleons):
The most general form of spin dependence of the magnetic moment operator is therefore determined by group-theoretical principles combined with the plausible symmetry conditions which we have imposed on the Hamiltonian. It is of interest to note that the existence of contributions to the magnetic moments arising from solenoidal exchange currents is consequent on the nucleons having spin. For spinless nucleons the exchange moment is completely determined by the irrotational exchange currents which in turn are compIetely speciGed by the requirement of gauge invariance.
The forms (a), (b), (e) and (f) which are linear in the nucleon spins, can be given a very simple physical interpretation. In the Hamiltonian, the forms (a) and (e) lead to terms having the form of the interaction of the magnetic moment of a nucleon with the magnetic Geld but for which the magnitude of the magnetic moment is a function of the spatial separation of this nucleon from the other nucleons present. Hence these terms correspond to a modiGcation of the intrinsic magnetic moment of a nucleon by the presence of other nucleons in its neighborhood, that is, to a proximity effect on the intrinsic magnetic moments of nucleons.
The forms (b) and (f) are similar except that they involve a modification of that component of the intrinsic magnetic moment of a nucleon parallel to the line joining the nucleon and its disturbing neighbor. Terms of this character if actually present will lead to nonadditivity of the neutron and proton magnetic moments in the deuteron.
V. COMPARISON WITH MESON THEORY
It is interesting to compare the results obtained in the preceding section with those obtained by fieldtheoretical calculations on the basis of the exchange of mesons as the origin of exchange currents. 4 In such calculations as so far carried out, the exchange moment is found to be a combination of the longitudinal contribution (23) (20) and (21), we obtain the most general form for the solenoidal part of the exchange currents. The total number of terms will be reduced somewhat when the curl operations in (20) and (21) Again comparing our results with those to be expected from a lowest order meson theory calculation, we note that for the same reasons as given above in regard to the magnetic moment operator we would not expect , any terms symmetric under the interchange of the pair of interacting nucleons so that no contribution of the form (21) would appear, and we would not expect any terms linear in the spin of the nucleons in (20).
VII. PROXIMITY-INDUCED CURRENTS
It is apparent from what has been said above that the exchange of charge between two nucleons interacting under the inQuence of an exchange force is actually e6'ected only by the irrotational part of the exchange current density. The solenoidal part of the latter simply describes the Qow of currents in closed loops induced by some mechanism when two nucleons are in proximity. The term "exchange currents" applied to the solenoidal part of the current density is therefore somewhat of a misnomer and "proximity-induced currents" would be perhaps a more appropriate designation. We mention this fact because on a purely phenomenological basis there is no a priori reason for assuming (assumption (b)) that such proximity-induced solenoidal currents do not Qow even about nucleons interacting under an ordinary force. In fact such currents would be expected to Qow about two neutrons or two protons is conventional meson theory in higher order where pairs of oppositely charged mesons are exchanged. The possible forms which the current density and magnetic moment operators may take in such cases may be calculated by methods essentially identical with those used above.
VIII. EFFECT OF FINITE NUCLEONIC CHARGE DISTRIBUTION
We shall in this section describe brieQy the effect on our theory of the existence of finite charge distributions about nucleons such as those connected with the occurrence of a cloud of virtual charged mesons about a nucleon. In our non-relativistic approximation one can regard such a finite charge distribution as being rigidly bound to a nucleon. The specific form of this charge cloud will depend on whether the nucleon is a proton or neutron and hence will involve r~. The direct interaction of the nucleon with the electromagnetic 6eld will then not depend only on the value of the field quantities at the position of the nucleon but will involve integrals of the Geld over the charge distribution. This means that under the gauge transformation (9), the wave function will not transform according to (10) p~(x)dx=O, where pp is the charge distribution function for the proton and p~i s the charge distribution function for the neutron. The net result is to leave our expression for the solenoidal exchange current the same but to modify the irrotational exchange current density and its contribution to the magnetic moment in accordance with the change (33).
IX. SUMMARY AND CONCLUSIONS
We have shown above that one can describe in a phenomenological theory the e8ects of electric currents induced by the interaction of two nucleons in the nonrelativistic approximation (including neglect of velocitydependent interactions) with two-body forces. In such a theory it is possible to account for: (1) "true" (irrotational) exchange currents, (2) proximity-induced (solenoidal) currents, (3) proximity-induced changes in the intrinsic magnetic moments of nucleons (non-additivity of moments). The e8ects of a finite charge distribution in nucleons can be included in the theory.
A generalization to include many-body forces can probably be carried through by the same methods as used above, but with a considerable increase in complication. To include velocity-dependent forces and relativistic eBects would, however, probably require major changes in methodology.
The shortcomings of a phenomenological approach to exchange currents lies in the fact that there is still considerable arbitrariness in the theory, only the irrotational exchange current density being 6xed by the theory. The calculations4 made on the basis of partticular models for the exchange of charge (meson theories) have demonstrated that the results obtained do depend rather critically on the particular model assumed. Under these circumstances any further developments in the phenomenological theory must be based on experimental results.
APPENDIX
In the exposition above, we are faced with the problems (1}of finding the most general axial vector which can be formed from two spin vectors (say X and e} and a (polar) position vector (say R}, and (2) of finding the most general axial vector which may be constructed from two spin vectors {X, a} and two (polar) position vectors (say R and r). Each of these may obviously be written as a linear combination of all possible linearly independent axial vectors which may be constructed from the vectors enumerated above. Furthermore, each of these linearly independent axial vectors can be factored into an arbitrary scalar function of the position vector or vectors and a purely angle-dependent factor which has the required transformation properties. For the purposes of finding the latter we may consider the position vectors R and r as being of unit magnitude.
Since the spin vectors transform under both proper and improper rotations as antisymmetric tensors of the second rank, it is useful to represent them as two index quantities, viz:
e~O. fsv = -0'vis) X~Zyv = - Zvy) where we shall use the arrow to designate the process of changiag the representation from tensor representation to vector representation, or vice versa. Since the spin vector components satisfy the algebra:
any expression of higher than first degree in the components of either spin vector can always be reduced to one of first degree. Thus the only tensors which can be formed from the spin vectors (including the scalar, unity) are: Diffusion is treated by showing that the action of a medium on a diffusing gas is that of a dissipative force.
When the theory is applied to an electrically neutral ionic gas in a gravitational held it is found that the mixture of positive and negative ions diffuses as a single gas because of the electrical polarization charges within the ionic cloud. In the presence of a magnetic field, the diffusion cannot be expressed in terms of the ionic density until the electrodynamical equations governing the Row of electrical current have been explicitly solved. Solutions are obtained for special cases which show that a strong magnetic field completely inhibits the diBusion due to concentration gradients in the transverse plane and has little effect on the diffusion due to the gravitational force.
I. INTRODUCTION
HE role played by difFusion in the formation of .~i on banks in the upper ionosphere (F-region) is not settled in our opinion because no one has given an adequate treatment of the diffusion processes. Too little attention has been paid to the electrical polarization developed by the difFusion current and to the reaction of the resulting electric field on the difFusion, although the existence of these eBects has been recognized. "
Transport phenomena are usually treated by the kinetic molecular theory which yields a distribution function for the difFerent kinds of molecules. No one has yet explicitly formulated the difFusion equations for a three component mixture (positive ions, negative ions or electrons, neutral molecules), because of the inherent mathematical complexity of the kinetic molecular theory.
In the present paper this difFiculty is avoided by introducing the concept of a dissipative force (Section II). The definition of the diff'usion coefficient and the ideal gas law lead directly to a force equation which shows that the pressure gradient in a diffusing gas is balanced by a force proportional to the difFusion velocity. This force acts whenever a difFusion current Rows. The difFusion current can then be obtained in any field of force from the balance of all the forces acting on the difFusing gas. In this way the kinetic molecular theory enters into the determination of the mass motion only through the difFusion coefFicient and the ideal gas law. ' E. O. Hulburt, Phys. Rev. 34, 1167 T. G. Cowling, M.N.R.A.S. 93, 90 (1932) .
A comparatively simple treatment of the migration of equal numbers of positive and negative ions through a neutral gas in a gravitational field is possible with the concept of dissipative force (Section III). It is shown that the mixture difFuses as a single gas whose difFusion coeKcient, in case the negative ions are electrons, is equal to twice the difFusion coefFicient of the positive ions and whose scale height is given by the average molecular weight of the ions. An electrical field exists throughout the ionic cloud which is derived from internal polarization charges. It is this electric field which binds the motion of the positive and negative ions together, thereby making it possible to describe the mixture as a single gas. The treatment is extended to include the efFect of a magnetic field (Section IV). The diffusion now depends on the force exerted by the magnetic field on any electrical currents which may be present. An exact solution is obtained for a constant difFusion coefIicient and constant magnetic field which shows that a circulation of electrical current in the plane perpendicular to the magnetic field must take place in such a way that the difFusion due to pressure gradients becomes negligible for conditions in the ionosphere. The difFusion current due to gravity is unchanged and is accompanied by an electric field, derived from poIarization charges, which is perpendicular to the magnetic and gravitational fields. In case the difFusion coe%cient is not constant, additional electrical currents Row in such a way that the gravitational difFusion current of most of the ionic cloud is characterized by the diffusion coefficient at a certain median altitude. Thus the magnetic
